Abstract-An extension to operational space (EXOS) is presented for the explicit representation of the null-space (NS) dynamics and its interaction with the operational-space dynamics. First, the EXOS Jacobian is formed by augmenting the Jacobian matrix with a minimum number of its NS vectors. Based on the EXOS Jacobian, free of algorithmic singularity, the kinematics, statics, and dynamics of a redundant manipulator are derived in a compact form. In particular, the resulting EXOS dynamics is able to identify the inner dynamic structure. Its efficacy and efficiency have been demonstrated through comparative analysis and simulation.
be of interest to assembly line managers who are contemplating a structural change from a completely synchronous design to a mixed-transfer mode configuration.
I. INTRODUCTION
The operational-space (OS) formulation [1] provides a comprehensive framework to describe the end-effector dynamic behavior. More specifically, it enables a better understanding and control of the end-effector motion-the respective motion in each direction in the OS-as well as its interaction (coupling) with other motions.
For kinematically redundant manipulators, tasks often involve not only the end-effector motion, but also the achievement of additional performances using redundancy, through the so-called null-motion. Then, as a logical extension to the OS case, an issue of interest would be as follows. Are there any interactions between the end-effector motion and the null-space (NS) dynamics? If so, why and how do these occur; and how can we control them? In fact, we have observed that, in most redundancy resolution schemes except a few using the inertia weighted pseudo-inverse [1] , there exist dynamic interactions between the two motions; yet, few research works have attempted to analyze and control it except [2] - [4] . 1 Not only are the interactions between the two motions interesting, but so is the respective dynamics of each motion as well.
Hence, the objective of our paper is to present a framework that enables the description and analysis of redundant manipulators with respect to both the end-effector dynamics and NS dynamics. Although the OS approach [1] also addresses the dynamics of redundant manipulators, a more descriptive framework would be desirable. To this end, we will formulate an extension to the operational space 2 (EXOS) at the velocity level [2] , which consists of both the OS for end-effector motion and NS for self-motion. Then, on the basis of the EXOS, the kinematics, statics, and dynamics of redundant manipulators will be described and analyzed in a coherent manner.
II. EXTENDED OPERATIONAL SPACE
The kinematic equation for a redundant manipulator is given as
where x x x 2 < m denotes the location of end effector with respect to the base frame, 2 < n joint vector, and f a vector consisting of m scalar functions. Here, n > m and the degree of redundancy (n 0 m) is denoted by r. For dimensional consistency, it is assumed without loss of generality that all joints are revolute. 3 
A. EXOS Concept
From the kinematic equation, the Jacobian equation of the manipulator is determined as
where ( _ ) denotes the time derivative, and J J J = (@f )=(@ ) 2 < m2n denotes a Jacobian matrix. Now, define Z Z Z 2 < r2n as a matrix consisting of the orthonormal basis vectors spanning the NS (or the tangent space of the self-motion manifold). Then, Z Z Z satisfies the following relationship:
In addition, define _ x x x N as the NS velocity. Then, we have a complementary mapping relationship at velocity level between the joint space and the NS, which is
1 This paper and [4] are based on almost verbatim translations of [2] and [3] . The difference, however, is that: in [4] we added experimental results; in this paper, a substantial enhancement in analysis. 2 Similar term was also used in [5] to express the inclusion of the closed-chain mechanisms. 3 One can easily show that the formulation in this section is made applicable to prismatic joints by introducing appropriate matrices. Interested readers will find a more detailed exposition in [7] .
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and EXOS velocity as
Now, the Jacobian equation is determined as
Note that the EXOS Jacobian equation enables to treat the differential kinematics of redundant manipulators as if they were nonredundant manipulators.
The relationship (8) can be described more clearly by the visualization for a 3-DOF (degree-of-freedom) planar revolute manipulator. In Fig. 1 , the direction of Z Z Z being perpendicular to the plane spanned by the two row vectors of J J J, _ x x
x N corresponds to the projection of _ to that direction, the component responsible for self-motion. The remaining part of _ corresponds to the component contributing to the motion in the OS.
it immediately follows that
From (10) and (4), follows the determinant of EXOS Jacobian
Equation (11) shows that the EXOS Jacobian has the following properties.
• J J J E is singular only when det(J J JJ J J T ) = 0, which occurs if and only if the manipulator is kinematically singular. The EXOS Jacobian behaves at singularity in the same way as a Jacobian matrix does for nonredundant manipulators.
• The determinant is the same as the manipulability measure [13] .
• At any configuration without kinematic singular point, there is no other singularity. Hence, no algorithmic singularity exists in EXOS Jacobian.
III. EXOS KINEMATICS
The forward kinematics is available from the defining relationships for EXOS as
where
x Nd , and _ d are the desired end-effector velocity, the NS velocity, and the corresponding joint velocity, respectively. The inverse kinematics, then, is expressed as
If a secondary performance is required and specified with a measure of H, then the desired NS velocity may be defined as where h h h = k h rH (15) with k h being a constant. Combining this equation with (13) leads to
A. Relationship with Resolved Motion Method
Resolved motion method [14] (RMM) is given as 
Combining the above two equations with (17) leads to (16) [15] . Hence, (17) and (16) are essentially the same, sharing the same inverse kinematic solutions. Yet, in addition to having more compact form, using (16) may have some significant advantages stemming from its very expression as follows.
• In RMM, since the NS projection matrix, the rank of which is r, is an n 2 n matrix, there are m overlapping equations. In comparison, since the NS basis matrix in EXOS has exactly r vectors, the method tends to expose the contribution of each vector rather transparently. This advantage will be clearly demonstrated in Section IV, where EXOS formulation yields the dynamics equations in the more succinct form.
• With EXOS method, we can treat kinematics, statics, dynamics, and control in a consistent manner as if the manipulator were nonredundant, thereby sharing insights already established, such as the duality of kinematics and statics.
B. Comparison with Extended Jacobian Method
As is well known, the extended Jacobian method (EJM) [16] is given as follows:
It is easy to observe that (16) and (19) have similarity in their forms, yet difference in their augmented terms. Note, however, that (@(Z Z ZrH))=(@ ) does not represent the NS of J J J. Since our objective is to obtain a framework for both the OS dynamics and NS dynamics, the formulation due to EJM does not serve to this objective, and hence is not considered any more.
IV. EXOS DYNAMICS
In this section, we will derive the statics and dynamics by using the framework of EXOS.
A. EXOS Statics
In order for a redundant manipulator to stay in a perfect equilibrium state, the virtual displacement needs to exist not only in the OS but also in the NS. Let F N denote the null force responsible for the NS displacement x x xN.
Virtual work for the redundant manipulator is expressed as
where ( (21) and then transposing, we have
Note that (8) and (22) show the duality between the kinematics and statics in the same manner as in the nonredundant case.
B. EXOS Dynamics
To provide the context for the EXOS dynamics, let us first present the joint space dynamics and the OS dynamics, respectively 
which explains why OS dynamics is decoupled from NS dynamics when the inertia weighted pseudo-inverse is used for redundancy resolution [1] .
V. COMPARISON WITH OTHER METHODS
Having proposed the EXOS dynamics and expounded its significance, it is instructive to compare it with other formulations in terms of the manner and the economy with which the OS dynamics and NS dynamics are described. The methods of interest are the dynamics due to the RMM and the OS formulation, respectively. To this end, we have derived each of the dynamics in a form similar to the EXOS dynamics in (31). Through (34), we could explicitly include both the OS part and NS part, as well as their couplings. Note that the NS part in (34) has a dimension of n 2n instead of r 2r, implying that more relationships are provided than necessary. As the result, the inertia matrix has the dimension of (n + m) 2 (n + m) instead of n 2 n. For example, a 3-DOF planar manipulator with m = 2 (r = 1) has only one-dimensional NS. Yet on one hand shows the OS force-acceleration relationships: 11 denote the relationship in x direction, 22 that in y direction, and 12 stands for the dynamic coupling between x-axis and y-axis. Fig. 3(b) on the other hand shows the elements of M M M 01 xE owing to the self-motion. That is, 33 stands for the NS force-acceleration relationship, and 13 , 23 the dynamic coupling between OS and NS. Note that the inner dynamic structure has been made transparent through the EXOS framework.
A. Dynamics Due to the RMM

B. Dynamics Due to the OS Formulation
The simulation above can be also used to illustrate the comparison in Section V. Fig. 4(a) Fig. 3(b) representing the one-dimensional NS. Clearly, the EXOS formulation makes NS dynamics easier to interpret than the other two. Using Z Z ZM M M instead of (I I I n 0J J J 0 J J J), we can change the six elements of Fig. 4(b) into one element as plotted in Fig. 4(d) .
VII. CONCLUSION
In this study, we have proposed a comprehensive framework, EXOS, which consists of OS vectors and the minimum number of NS vectors. In this framework, we formulated kinematics, statics, and dynamics of redundant manipulators in a consistent way. Including only the minimum number of NS vectors from the very beginning has rendered the resulting dynamic equations into a compact and succinct form.
As the results, the dynamic equations effectively and efficiently describe not only the dynamic behavior of the end effector, but also that of the self-motion; at the same time, the interaction between these two motions. The effectiveness was highlighted in the revelation of the dynamic couplings between OS dynamics and NS dynamics; the efficiency was confirmed through comparison to other methods transformed in similar forms. 
